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Abstract. We derive analytical expressions for the photon polarization tensor in circularly
polarized Hermite- and Laguerre-Gaussian beams, complementing the corresponding results
for linearly polarized beams obtained recently. As they are based upon a locally constant
field approximation of the one-loop Heisenberg-Euler effective Lagrangian for quantum
electrodynamics (QED) in constant fields, our results are generically limited to slowly varying
electromagnetic fields, varying on spatial (temporal) scales much larger than the Compton
wavelength (time) of the electron.
1. Introduction
The photon polarization tensor is a central object in the study of probe photon propagation
in the quantum vacuum. It encodes quantum corrections to the classical propagation of light.
In the absence of electromagnetic fields, by construction quantum fluctuations do not change
the vacuum speed of light and do not result in any modifications for photon propagation. This
is different in external fields: As electromagnetic fields couple to charges, they can polarize
virtual charged particle-antiparticle fluctuations [1, 2], giving rise to remarkable effects, such as
vacuum birefringence [3–16] and – in inhomogeneous fields – vacuum diffraction effects [17–21]
experienced by probe photons; cf. also the reviews [22–26] and references therein. For ongoing
experimental efforts aiming at the detection of these effects, see Refs. [27–30]. Exact analytical
results for the photon polarization tensor Πρσ in external field QED at one-loop level ∼ α/π,
where1 α = e2/(4π) ≃ 1/137 is the fine-structure constant, with elementary charge e, are
available for constant electromagnetic fields [31,32] and plane wave backgrounds [33,34].
Besides, approximate results for Πρσ in slowly varying inhomogeneous electromagnetic fields
have been determined on the basis of a locally constant field approximation (LCFA) [35] to the
Heisenberg-Euler effective Lagrangian in constant fields [1]. For insights into the Heisenberg-
Euler effective Lagrangian beyond constant fields, cf. the derivative expansion results [36, 37].
The LCFA allows for reliable insights in electromagnetic field configurations which vary on spatial
(temporal) scales much larger than the Compton wavelength λ¯ = 1/me ≈ 3.86 · 10−13m (time
1 Throughout this article, we use the Heaviside-Lorentz system and units where c = ~ = 1. Our metric convention
is gµν = diag(−1,+1,+1,+1).
λ¯/c ≈ 1.29 ·10−21 s) of the electron; me ≈ 511 keV is the electron mass. So far, this approach has
been adopted to determine Πρσ for linearly polarized paraxial Hermite- and Laguerre-Gaussian
beams of arbitrary mode composition [38].
In these proceedings, we provide the analogous expressions for circular polarized beams.
2. Results
2.1. Field configuration
The electric and magnetic field vectors describing a generic superposition of co-propagating,
electromagnetic waves in vacuum can be represented as
~E =
∑
N
EN
(
~ˆex cosφN + ~ˆey sinφN
)
, ~B = ~E
∣∣
φN→φN+π2
, (1)
where EN denote amplitude profile and φN a phase function of mode N , respectively. Without
loss of generality, in Eq. (1) we assumed the waves to propagate along the positive z axis. Aiming
at the determination of Πρσ in this field configuration, it is helpful to note that Eq. (1) implies
F = 1
4
FµνF
µν = 0 ,
G = 1
4
Fµν
∗Fµν = −
∑
N
∑
N ′
ENEN ′ sin(φN − φN ′),
(kF )ρ =
∑
N
EN
[
ερ2(k) sin φN + ε
ρ
1(k) cos φN
]
,
(k∗F )ρ =
∑
N
EN
[
ερ2(k) cos φN − ερ1(k) sin φN
]
, (2)
with kµ = (ω,~k), (kF )µ = kνF
νµ and dual field strength tensor ∗Fµν = 12ǫ
µναβFαβ . The
four-vectors εµ1,2(k) are defined as [35]
εµ1 (k) := (−kx, kz − ω, 0,−kx) , εµ2 (k) := (−ky, 0, kz − ω,−ky) . (3)
2.2. Photon polarization tensor
Resorting to a LCFA, the one-loop photon polarization tensor in the background field (1) can
be expressed as [35]2
Πρσ(k, k′) = −α
π
1
45
( e
m2e
)2 ∫
d4x ei(k+k
′)x
[
4(kF )ρ(k′F )σ+7(k∗F )ρ(k′∗F )σ+7G k′µkαǫρσµα
]
, (4)
where we neglected terms ∼ υ2[O(( υme )2
)
+ O(( eF
m2e
)4
)]
. Here, the momentum scale υ delimits
the typical momentum scales of variation of the background fields as well as the photon energies
ω, ω′ and momenta |~k|, |~k′| from above [35, 39]. With the help of Eq. (2), Eq. (4) can be cast
into the following form
Πρσ(k, k′) = −α
π
1
45
∑
ℓ=±1
{
− 7
2
Π−ℓ (k + k
′)(−i)lk′µkαǫρσµα
+
11
4
Π−ℓ (k + k
′)
[
ερ1(k)ε
σ
1 (k
′) + ερ2(k)ε
σ
2 (k
′) + (−i)l[ερ2(k)εσ1 (k′)− ερ1(k)εσ2 (k′)]
]
−3
4
Π+ℓ (k + k
′)
[
ερ1(k)ε
σ
1 (k
′)− ερ2(k)εσ2 (k′) + (−i)l
[
ερ2(k)ε
σ
1 (k
′) + ερ1(k)ε
σ
2 (k
′)
]]}
, (5)
2 For completeness, note that this definition of Πρσ differs from that of Ref. [35] by an overall minus sign.
where we made use of the definitions
Π±ℓ (k + k
′) =
∑
N
∑
N ′
(Π±ℓ )N ;N ′(k + k
′) , (6)
and
(Π±ℓ )N ;N ′(k + k
′) =
∫
d4x ei(k+k
′)x eEN
m2e
eEN ′
m2e
eiℓ(φN±φN′) . (7)
2.3. Circular polarization
The above results can be straightforwardly adopted to describe the photon polarization tensor
in circularly polarized paraxial beams at leading order in the diffraction angle θ ≪ 1 (cf.
below) [40–42]. In this case, we have
EN → EN (x) ,
φN → ±ΦN (x) , (8)
where +/− refers to right-/left-handed circular polarization. For the explicit mode amplitude
EN (x) and phase profiles φN (x) adopted in these proceedings, see below. Hence, in our
explicit calculations we can without loss of generality stick to right-handed circular polarization,
φN → ΦN (x). The result for left-handed circular polarization follows therefrom by substituting
Π±ℓ (k + k
′)→ Π±−ℓ(k + k′) in Eq. (5).
2.4. Field profiles
Hermite-Gaussian (HG) modes are labeled by N = {m ∈ N0, n ∈ N0}. They exhibit a
Cartesian symmetry about the beam’s propagation direction and are characterized by the
following amplitude and phase profiles [43],
Em,n(x) = Em,nHm
(√
2x
w(z)
)
Hn
(√
2y
w(z)
)
e
− (z−t)2
(τ/2)2
w0
w(z)
e
− r2
w2(z) ,
Φm,n(x) = Ω(z− t) + z
zR
r2
w2(z)
− (m+ n+ 1) arctan
( z
zR
)
+ ϕn,m , (9)
where Hm(χ) denote Hermite polynomials, Ω = 2π/λ is the frequency of the beam, and
w(z) = w0
√
1 + (z/zR)2, with waist size w0 and Rayleigh range zR = πw
2
0/λ. The constants
EN and ϕN are a mode specific peak field amplitude and phase offset, respectively, and τ is the
pulse duration.
Analogously, Laguerre-Gaussian (LG) modes are labeled by N = {l ∈ Z, p ∈ N0}. The
transverse profiles of LG modes are circularly symmetric and, resorting to polar coordinates,
r =
√
x2 + y2 and ϕ = arg(x + iy), read [43]
El,p(x) = El,p
(√
2r
w(z)
)|l|
L|l|p
((√
2r
w(z)
)2)
e
− (z−t)2
(τ/2)2
w0
w(z)
e
− r2
w2(z) ,
Φl,p(x) = Ω(z− t) + z
zR
r2
w2(z)
− (|l|+ 2p + 1) arctan
( z
zR
)
− lϕ+ ϕl,p , (10)
where L
|l|
p (χ) are generalized Laguerre polynomials. For further details, cf. Ref. [38].
For given laser parameters, i.e., total pulse energy W , pulse duration τ and waist radius of
the fundamental Gaussian mode w0, the total energy is partitioned into the different modes N
asW =
∑
N WN , whereWN denotes the energy put in mode N . Making use of the fact that the
intensity associated with the electromagnetic field in mode N is given by IN = ~E2N = E2N , where
~EN = EN (~ˆex cosφN + ~ˆey sinφN ), it is straightforward to derive the following relation between
WN and the peak field amplitude EN ,
WN =
(π
2
) 3
2
cN E2N
τ
2
w20 ↔ E2N = 4
√
2
π
1
cN
WN
πw20τ
, (11)
with mode specific coefficients cN given by cN → cm,n = 2m+nm!n! for HG modes, and
cN → cp,l = (p + |l|)!/p! for LG modes. For the details of the calculation, cf. the appendix
of Ref. [38]. We emphasize that the peak field amplitude squared in Eq. (11) amounts to half
the one obtained for linearly polarized beams in Ref. [38]. The reason for this is that, in contrast
to linear polarization, for circular polarization the phase factor φN drops out completely when
determining the mode intensity.
Inserting Eqs. (9) and (10) into Eqs. (6) and Eq. (7) and performing the Fourier integrations,
we obtain the following results for Πρσ in pulsed, circularly polarized LG and HG beams.
2.5. Explicit results
Following Ref. [38], we represent the scalar coefficients (7) of the photon polarization as
(Π±ℓ )N ;N ′(k + k
′) =
eEN
m2e
eEN ′
m2e
(2zR πw
2
0)
τ
2
√
π
2
e−
1
8
( τ
2
)2[ω+ω′+ℓ(1±1)Ω]2 (I±ℓ )N ;N ′(k + k′) , (12)
where we encode the nontrivial momentum dependencies in the τ independent functions
(I±ℓ )N ;N ′(k + k′); note that limτ→∞ τ2
√
π
2 e
− 1
8
( τ
2
)2φ2 = 2π δ(φ). We will moreover make use
of the definition
FΛ
(|a|, b) : =
∫ ∞
−∞
dz
zR
( w0
w(z)
)Λ
e
−ia z
zR
−b (w(z)
w0
)2
= δ0,Λ
√
π
b
e−
1
b
(a
2
)2−b + (1− δ0,Λ)
√
π
Γ(Λ2 )
∫ ∞
0
ds
s
s
Λ
2√
s+ b
e−
1
s+b
(a
2
)2−(s+b) , (13)
for b ≥ 0, where δ0,Λ is the Kronecker delta. Equation (13) fulfills [38],
FΛ
(|a|, 0) = δ0,Λ 2πδ(a) + (1− δ0,Λ) 2
√
π
Γ(Λ2 )
( |a|
2
)Λ−1
2
KΛ−1
2
(|a|) , (14)
written in terms of the Gamma function and the modified Bessel function of the second kind.
Employing the series representations of the Hermite polynomials and the generalized Laguerre
polynomials as in Ref. [38], the Fourier integrations can be performed explicitly and written in
terms of FΛ
(|a|, b) and parameter differentiations thereof.
For Hermite-Gaussian beams we have N = {m,n}, N = m+ n, and obtain
(I±ℓ )HGN ;N ′(k) =
1
4
⌊m
2
⌋∑
j=0
⌊n
2
⌋∑
q=0
⌊m′
2
⌋∑
j′=0
⌊n′
2
⌋∑
q′=0
m!n!m′!n′!
j!q!j′!q′!
(−i)N+N ′ 2 32 (N+N ′)−3(j+j′+q+q′)
(m− 2j)!(n − 2q)!(m′ − 2j′)!(n′ − 2q′)!
× (J ±ℓ )HGN ,j,q;N ′,j′,q′(k) , (15)
with
(J +ℓ )HGN ,j,q;N ′,j′,q′(k) = eiℓ(ϕm,n+ϕm′,n′)
(
∂hx
)m+m′−2(j+j′) (
∂hy
)n+n′−2(q+q′)
× (1 + ℓ∂hz)N+N ′+1 e− (w0
~k⊥+
~h⊥)
2
8
× F2(N+N ′+1−j−j′−q−q′)
(∣∣hz − zR(kκˆ) + ℓ (w0~k⊥+~h⊥)28 ∣∣, 0)
∣∣∣
~h=0
, (16)
and
(J −ℓ )HGN ,j,q;N ′,j′,q′(k) = eiℓ(ϕm,n−ϕm′,n′)
[
1 + sign
(
ℓ(N −N ′))∂hz]|N−N ′|(∂hx)2{m+m
′
2
}
× (∂hy)2{n+n
′
2
} (1
2
∂cx
)⌊m+m′
2
⌋−j−j′ (1
2
∂cy
)⌊n+n′
2
⌋−q−q′ 1√
cxcy
× F|N−N ′|+2{m+m′
2
}+2{n+n′
2
}
(|hz − zR(kκˆ)|,Σ2i=1 (w0ki+hi)28ci
)∣∣∣
~c=1,~h=0
. (17)
Here, we made use of the shorthand notations ~k⊥ = kx~ex + ky~ey and (kκˆ) = kz − ω introduced
in Ref. [38]; sign(.) is the sign function. Besides, ⌊n⌋ is the floor function which gives as output
the largest integer less than or equal to n, and 2{n2 } := n− 2⌊n2 ⌋.
Conversely, for Laguerre-Gaussian beams we have N = {l, p}, N = |l|+ 2p, and obtain
(I±ℓ )LGN ;N ′(k) =
1
4
p∑
j=0
p′∑
j′=0
(−√2)|l|+|l′|
j!j′!
(
p+ |l|
p− j
)(
p′ + |l′|
p′ − j′
)
(J ±ℓ )LGN ,j;N ′,j′(k) , (18)
with
(J+ℓ )LGN ,j;N ′,j′(k) = eiℓ(ϕl,p+ϕl′,p′ ) 2j+j
′(
1 + ℓ∂hz
)N+N ′+1(
∂2hx + ∂
2
hy
)j+j′
× (i∂hx + sign(lℓ)∂hy)|l|(i∂hx + sign(l′ℓ)∂hy)|l′| e− (w0
~k⊥+
~h⊥)
2
8
× FN+N ′+|l|+|l′|+2(j+j′+1)
(∣∣hz − zR(kκˆ) + ℓ (w0~k⊥+~h⊥)28 ∣∣, 0)
∣∣∣
~h=0
(19)
and
(J−ℓ )LGN ,j;N ′,j′(k) = eiℓ(ϕl,p−ϕl′,p′ )
[
1 + sign
(
ℓ(N −N ′))∂hz]|N−N ′| ∂j+j′c
× (i∂hx + sign(lℓ)∂hy)|l|(i∂hx − sign(l′ℓ)∂hy)|l′|
× 1
c
F|N−N ′|+|l|+|l′|
(|hz − zR(kκˆ)|, (w0~k⊥+~h⊥)28c )
∣∣∣
c=1,~h=0
. (20)
3. Conclusions and Outlook
In this proceedings, we have determined analytic expressions for the one-loop photon polarization
tensor in circularly polarized Hermite- and Laguerre-Gaussian beams, thereby complementing
our recent study [38] for linearly polarized beams. Our results are based on a LCFA of the
Heisenberg-Euler effective Lagrangian for QED in constant fields, and thus are manifestly limited
to slowly varying electromagnetic fields. More specifically, our results neglect contributions of
the following type,
∼ υ2
[
O( 2w0Ω
)
+O( 1τΩ)+O(( υme )2
)
+O((απ )2)
]
, (21)
where {ω, |~k|, ω′, |~k′|,Ω} . υ ≪ me; see Ref. [38] for the details. The first term in the squared
brackets arises from the restriction to the (leading order) paraxial approximation, the second
one is due to the finite pulse duration, the third one refers to contributions beyond the LCFA,
and the last one to contributions from higher loops.
As any paraxial beam can be decomposed into either Hermite- or Laguerre-Gaussian modes,
our results are expected to be relevant for the study of optical signatures of QED vacuum
nonlinearity in realistically modeled, circularly polarized high-intensity lasers pulses.
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